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In this paper we introduce and discuss several extensions of the eigenvalue statistics induced by the Haar measure on the classical compact groups $\documentclass[12pt]{minimal}
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The starting point of this work is the following connection between the classical compact groups and free fermions in the ground state:"The eigenvalues of random matrices sampled according to the Haar measure on the classical compact groups, and the particle density of free (non-interacting) fermions in a box with classical boundary conditions at zero temperature, form the same determinantal point processes."This follows from well known formulae for the joint law of eigenvalues of random matrices, and elementary diagonalisation of Schrödinger operators. The cases $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {SO}(2N)$$\end{document}$ correspond to the most common textbook examples of 'particles in a box', and have been pointed out and discussed in the literature (see, e.g. \[[@CR21]--[@CR23]\]). Nevertheless, this mapping has not been appreciated enough and suggests two natural 'extensions' of the determinantal processes associated to the classical compact groups.

First, we investigate the process associated to the ground state of non-interacting free fermions in a box with *generic quantum boundary conditions*. Recall that, the physical dynamics of closed quantum system is a strongly continuous one-parameter unitary evolutions. By Stone's theorem, the generator of the unitary group, i.e. the Hamiltonian, must be a self-adjoint operator. See e.g. \[[@CR46]\]. It is therefore legitimate to consider the whole family of self-adjoint extensions of the Laplacian on a bounded interval (kinetic energy in a box). In fact, the Laplacian on a bounded interval admits infinitely many self-adjoint extensions, each one characterised by the behaviour of the wavefunction at the boundary points. By considering all the admissible boundary conditions, we show that the processes defined by the Haar measure on the classical compact groups are immersed in a four-parameter family of determinantal processes associated to free fermions in a box. The special cases of periodic, absorbing and reflecting boundary conditions correspond to the eigenvalue statistics of the classical groups. The choice of different self-adjoint extensions of the Laplacian is not just a mathematical nuisance. Different boundary conditions give rise to different physics, and their role and importance at a fundamental level has been recently stressed in a series of interesting articles, see \[[@CR3]--[@CR5], [@CR17], [@CR20], [@CR44]\] and reference therein, where varying boundary conditions are viewed as a model of spacetime topology change.

A second natural extension consists in considering free fermions in a box at *finite temperature*. These finite temperature extensions of the eigenvalue statistics of the classical compact groups are introduced with the purpose of providing a realistic statistical description of the transition between Poisson to random matrix eigenvalue statistics. This is not the first proposal of finite temperature extension of random matrix eigenvalue processes. There exists a well studied finite temperature extension of the celebrated GUE process. See e.g. \[[@CR14]--[@CR16], [@CR19], [@CR28], [@CR29], [@CR36], [@CR40], [@CR48]\]. Nevertheless, the analogue for the eigenvalue statistics of the classical group is considerably more neat. The finite temperature versions of the eigenvalue process of the classical groups have a (grand canonical) determinantal structure. Amusingly, they have the striking property of being the eigenvalue processes of random matrices (of random size), i.e., they describe the zeros of random characteristic polynomials (of random degree). These new ensembles of random matrices are constructed by i) 'evolving' the Haar measure along the heat flow on the classical compact groups, and ii) by considering a suitable randomization on the size of the group (grand canonical construction).

Eigenvalue Statistics of Random Matrices {#Sec2}
----------------------------------------
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Ground State of Non-interacting Fermions {#Sec3}
----------------------------------------

Consider the ground state of *N* non-interacting spin-polarized fermions in a trapping potential *V*(*x*). In formulae we consider the many-body Schrödinger equation$$\documentclass[12pt]{minimal}
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The GUE Process {#Sec4}
---------------

For a given potential *V*(*x*), the eigenvalue process ([1.3](#Equ3){ref-type=""}) of the matrix model ([1.1](#Equ1){ref-type=""}) and the particle density ([1.5](#Equ5){ref-type=""}) in the ground state of the Schrödinger operator ([1.4](#Equ4){ref-type=""}) are, in general, unrelated. A notable exception is the case of a quadratic potential $\documentclass[12pt]{minimal}
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It can be shown that in some scalings (a change of variable depending on *N*), the GUE process converges as $\documentclass[12pt]{minimal}
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### Problem 1 {#FPar1}

(Mappings between matrix ensembles and non-interacting fermions) Discuss other examples of exact correspondence between complex random matrices and the ground state of Schrödinger operators on non-interacting fermions. In formulae, we look for a potential *V*(*x*) such that the kernel of the eigenvalue process is identical to the kernel of the fermions density, $\documentclass[12pt]{minimal}
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Finite Temperature GUE {#Sec5}
----------------------

One can push further the correspondence for GUE as follows. The solutions of the single-particle Schrödinger equation ([1.7](#Equ7){ref-type=""}) with quadratic potential $\documentclass[12pt]{minimal}
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### Problem 2 {#FPar2}

(Extensions from ground state to finite temperature) For the new examples of Problem [1](#FPar1){ref-type="sec"}, construct the finite temperature extensions, show that these ensembles interpolate between random matrix and Poisson statistics, and compute the nontrivial scaling limits. Address the question of the universality of the limiting kernels.

The Grand Canonical MNS Ensemble {#Sec6}
--------------------------------

A natural question is whether the finite temperature GUE process corresponds, in some sense, to the eigenvalue process of a matrix model. Of course, this cannot be strictly true, since the number of points *N* in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {GUE}(T,\mu )$$\end{document}$ process describes the statistics of an ensemble of random Hermitian matrices whose size *N* is itself a random variable.
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                \begin{document}$$Z_n$$\end{document}$ is the normalisation constant (depending on *t*). Setting $\documentclass[12pt]{minimal}
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                \begin{document}$$t=2\sinh ^2(1/2T)$$\end{document}$, the function inside the determinant is the so-called *canonical kernel*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{\sqrt{2\pi t}}e^{-\frac{1}{4}(x^2+y^2)}e^{-\frac{1}{2t}(x-y)^2}=e^{-\frac{1}{4}(x^2+y^2)}\sum _{k=0}^{\infty }e^{-(k+1/2)/T}h_k(x)h_k(y). \end{aligned}$$\end{document}$$The eigenvalues of the MNS model do not form a determinantal point process. One can construct the grand canonical point process by considering a MNS measure on matrices of size *N* and letting *N* be an integer valued random variable with$$\documentclass[12pt]{minimal}
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                \begin{document}$$K_{\mathrm {GUE}(T,\mu )}(x,y)$$\end{document}$. Hence, the grand canonical version of the MNS model provides a matrix realisation of the finite temperature GUE process.

### Problem 3 {#FPar3}

(Back to random matrices) Construct a (grand canonical) random matrix model whose eigenvalue statistics is one of the finite temperature processes of Problem [2](#FPar2){ref-type="sec"}.

The rest of this paper is organised as follows:(i)In Sects. [2](#Sec7){ref-type="sec"} and [3](#Sec8){ref-type="sec"} we collect some basic facts about determinantal point processes and the eigenvalues statistics induced by the Haar measure on the classical compact groups.(ii)In Sect. [4](#Sec9){ref-type="sec"} we provide an answer to Problem [1](#FPar1){ref-type="sec"}. We discuss the precise correspondence between classical compact groups and free fermions confined in an box (or, equivalently, fermions on a circle with a zero-range perturbation at a fixed point). Each group corresponds to a particular self-adjoint extension (i.e. boundary conditions) of $\documentclass[12pt]{minimal}
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                \begin{document}$$(0,2\pi )$$\end{document}$. For these determinantal processes we study the scaling limit on the scale of the mean level spacing of the particles. In the bulk, we prove the universality of the sine kernel. At the edges 0 and $\documentclass[12pt]{minimal}
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                \begin{document}$$2\pi $$\end{document}$, the limiting process depends on the quantum boundary conditions. Absorbing and reflecting boundary conditions correspond to Bessel processes. Elastic (Robin) boundary conditions and $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta $$\end{document}$-perturbations lead to new one-parameter kernels.(iv)In Sect. [6](#Sec17){ref-type="sec"} we address Problem [2](#FPar2){ref-type="sec"} and we propose a finite temperature extension of the eigenvalues statistics of the classical compact groups. We show that these determinantal processes interpolate between random matrix and Poisson statistics and we investigate the simultaneous limit of high temperature and large number of particles. In the bulk the limit process is the same finite temperature sine process emerging in the finite temperature GUE.(v)In Sect. [7](#Sec20){ref-type="sec"} we provide a systematic answer to Problem [3](#FPar3){ref-type="sec"}. We first show that the MNS model is related to a matrix integral of the heat kernel $\documentclass[12pt]{minimal}
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                \begin{document}$$k_t$$\end{document}$ on the algebra of Hermitian matrices. This remark suggests to extend this construction to Lie groups by using the group heat kernel $\documentclass[12pt]{minimal}
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                \begin{document}$$K_t$$\end{document}$. It turns out that this construction provides an analogue of the MSN model for the classical compact groups. The grand canonical version of these new ensembles forms exactly the finite temperature determinantal processes constructed in Sect. [6](#Sec17){ref-type="sec"}.

Determinantal Point Processes {#Sec7}
=============================

A *point process* (or random point field) on a locally compact space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {d}\mu $$\end{document}$ is a random measure on $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{i}\delta _{X_i}$$\end{document}$. The support of the measure can be finite or countably infinite, but it cannot have accumulation points in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {X}$$\end{document}$. Point processes are usually described by their correlation functions $\documentclass[12pt]{minimal}
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                \begin{document}$$g:\mathcal {X}\rightarrow \mathbb {C}$$\end{document}$ with compact support. A point process is called *determinantal* if its correlation functions exist and satisfy the identity$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \rho _n(x_1,\dots ,x_n)=\det [K(x_i,x_j)]_{i,j=1}^n, \end{aligned}$$\end{document}$$where the *correlation kernel* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\det [K(x_i,x_j)]$$\end{document}$ intact.

It is useful to view the function *K*(*x*, *y*) as the kernel of an integral operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {K}$$\end{document}$ is self-adjoint and locally of trace class. Then, *K*(*x*, *y*) is the correlation kernel of a determinantal point process if and only if the operator $\documentclass[12pt]{minimal}
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                \begin{document}$$0\le \mathcal {K}\le I$$\end{document}$. In such a case, the kernel can be written generically as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} K(x,y)=\sum _kp_k\overline{\psi _k}(x)\psi _k(y), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$K(x,y)=\langle x |\mathcal {K}| y \rangle $$\end{document}$.

We will focus on the following two classes:*Zero temperature processes* whose kernels have the form ([2.3](#Equ24){ref-type=""}) with $$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {K}$$\end{document}$ is a *N*-dimensional orthogonal projection operator. The number of particles in a zero temperature process is *N* almost surely.*Grand canonical processes* \[[@CR28]\] whose kernel has the form ([2.3](#Equ24){ref-type=""}) with $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} K(x,y)= \left\{ \begin{array}{ll} 0&{}\quad \text {if}\;x\ne y,\\ \rho (x)&{}\quad \text {if}\;x=y. \end{array}\right. \end{aligned}$$\end{document}$$For more details on determinantal random point fields, see \[[@CR24], [@CR27], [@CR45]\].

Haar Measure on the Classical Compact Groups {#Sec8}
============================================
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                \begin{document}$$\begin{aligned} S_N(z)= \left\{ \begin{array}{ll} \displaystyle \frac{1}{2\pi }\frac{\sin (Nz/2)}{\sin (z/2)}&{}\quad \text {if}\;z\ne 0,\\ \displaystyle \frac{N}{2\pi }&{}\quad \text {if}\;z=0. \end{array}\right. \end{aligned}$$\end{document}$$Let *U* be a random matrix distributed according to the normalized Haar measure on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {U}(N)$$\end{document}$ (the so-called circular unitary ensemble (CUE) in random matrix theory). The eigenvalues of *U* have joint density$$\documentclass[12pt]{minimal}
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Consider a matrix *U* distributed according to the normalized Haar measure on *G*, where *G* is one of the groups $\documentclass[12pt]{minimal}
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Non-interacting Fermions in a Box and the Classical Compact Groups {#Sec9}
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In this section we present new and interesting examples where there exists a precise correspondence between non-interacting fermions and matrix models. The differential operator$$\documentclass[12pt]{minimal}
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Let us consider *N* non-interacting spin-polarized, or spinless, fermions confined in the box of length $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\pi $$\end{document}$. If we fix the boundary conditions, the ground state is the Slater determinant of the first *N* eigenfunctions of the single-particle Schrödinger operator, that is the solutions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _{E_k}$$\end{document}$ of$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H_U\psi _{E_k}(x)=E_k\psi _{E_k}(x),\quad \psi _{E_k}\in D(H_U). \end{aligned}$$\end{document}$$We first focus on the classical boundary conditions, periodic (P), Dirichlet (D), Neumann (N), and Zaremba (Z), corresponding to four self-adjoint extensions of *H*. The ground state particle density of the free fermions forms a determinantal process whose correlation kernel is the kernel of the spectral projection onto the first *N* single-particle eigenfunctions (see Sect. [1.2](#Sec3){ref-type="sec"}). In the following, we show that, in the case of the classical boundary conditions, the point processes are the same as the eigenvalue processes induced by the Haar measure on the classical groups $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=\mathrm {U}(2N+1)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Sp}(2N)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {SO}(2N)$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {SO}(2N+1)$$\end{document}$. This exact correspondence provides an answer to Problem [1](#FPar1){ref-type="sec"} by formally considering the potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(x)=0$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in (0,2\pi )$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$+\infty $$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\notin (0,2\pi )$$\end{document}$, often denoted as 'infinite potential well'. By imposing the specific behaviour of the wavefunctions at the edges 0 and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\pi $$\end{document}$ (i.e., the boundary conditions) we select among the classical groups. This correspondence is outlined below.
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For notational convenience, it is useful to identify functions *f*(*x*) on $\documentclass[12pt]{minimal}
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Let us consider the Zaremba (mixed) b.c.: one boundary condition is Dirichlet, $\documentclass[12pt]{minimal}
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Consider now the case of periodic boundary conditions $\documentclass[12pt]{minimal}
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At microscopic scale, the CUE process converges to a translation invariant process whose correlations are given by the sine kernel. Note that for Dirichlet, Neumann, and Zaremba conditions, the process is not translation invariant; nevertheless, in the 'bulk', the scaling limit is again the sine process.

We mention that particle fluctuations and entanglement measures of free fermions (with periodic or Dirichlet b.c.) have been recently studied in the physics literature by Calabrese et al. \[[@CR10]--[@CR12]\]. High-dimensional generalisations of the kernel ([4.11](#Equ49){ref-type=""}) (Fermi-shell models) have been proposed and investigated by Torquato et al. \[[@CR43], [@CR47]\]. Forrester et al. studied at length the kernels $\documentclass[12pt]{minimal}
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Quantum Boundary Conditions and Self-adjoint Extensions {#Sec14}
=======================================================

All the self-adjoint extensions of *H*, defined in ([4.1](#Equ39){ref-type=""}), are given by$$\documentclass[12pt]{minimal}
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Note that the Dirichlet, Neumann, Zaremba, and periodic b.c. correspond to four (out of an infinite family) self-adjoint extensions of the Laplacian. It is legitimate to investigate other boundary conditions. Consider, for instance, the Schrödinger operator $\documentclass[12pt]{minimal}
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Microscopic Universality in the Bulk {#Sec15}
------------------------------------

The scaling transition to the sine process ([3.10](#Equ37){ref-type=""})--([3.11](#Equ38){ref-type=""}) for the classical b.c. can be written in a unified fashion as$$\documentclass[12pt]{minimal}
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In fact, we can ask whether the sine kernel is the universal limit in the bulk for *all* self-adjoint extensions of the Laplacian. To prepare the ground, it is useful to identify the sine kernel as the integral kernel of the kinetic energy operator of a free particle on the real line. Recall (see \[[@CR46], Theorem 7.17\]) that the operator $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar4}
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### Proof {#FPar5}
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The next Theorem [1](#FPar6){ref-type="sec"} shows that, for any self-adjoint extension of the Laplacian on a finite interval, the family of rescaled projections $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar6}
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The idea of the proof is that at microscopic scales in the bulk, the spectral projections of $\documentclass[12pt]{minimal}
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### Lemma 2 {#FPar8}
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### Proof {#FPar9}

Consider the differential operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\partial ^2/\partial x^2$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a,b)=(-\infty ,\infty )$$\end{document}$ and its self-adjoint extension $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\Delta $$\end{document}$. Note that i) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\Delta $$\end{document}$ is limit point at *a* and *b*, and ii) the point spectrum of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\Delta $$\end{document}$ is empty. Then, the strong resolvent convergence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\Delta _n{\mathop {\rightarrow }\limits ^{src}}-\Delta $$\end{document}$ is a specialisation of a general result due to Weidmann \[[@CR50]\] for self-adjont extensions of formal Sturm--Liouville operators. The fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\Delta _n{\mathop {\rightarrow }\limits ^{src}}-\Delta $$\end{document}$ implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_n(E)\rightarrow P(E)$$\end{document}$ follows from a classical result essentially due to Rellich. Finally, from the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\Delta $$\end{document}$ has only continuous spectrum, it follows that *P*(*E*) is continuous. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Lemma 3 {#FPar10}

(Generalised Weyl's law \[[@CR7], Proposition 4.2\]) For all self-adjoint extensions $\documentclass[12pt]{minimal}
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### Proof {#FPar11}
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### Proof of Theorem 1 {#FPar12}
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Scaling Limits at the Edges {#Sec16}
---------------------------

Fig. 3After rescaling at the 'edge', the Laplacian on the punctured circle transforms, as in figure, in the Laplacian on the punctured line
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### Theorem 2 {#FPar13}
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Fig. 4Mixed Dirichlet--Robin boundary conditions: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi (0^+)=0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi '(0^-)=-\tan (\alpha /2)\psi (0^-)$$\end{document}$. Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha = \pi /2$$\end{document}$. Left: particle density on the circle for the ground state of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N=7$$\end{document}$ fermions. Right: Rescaled density (red dots) on the left and the right of 0. Note the different scaling limits (blue solid lines) at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0^{\pm }$$\end{document}$ given by ([5.22](#Equ75){ref-type=""}) (Color figure online)

### Remark {#FPar14}

The most general case of *local* boundary conditions is given by matrices $\documentclass[12pt]{minimal}
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Consider, for instance, a free particle in the box with mixed Dirichlet--Robin b.c., i.e. $\documentclass[12pt]{minimal}
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For *non-local* b.c. the situation is more complicated. In this case, the Laplacian on $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar15}

(Scaling limit at the edges for delta potentials) Let $\documentclass[12pt]{minimal}
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Theorems [2](#FPar13){ref-type="sec"} and [3](#FPar15){ref-type="sec"} follow from the following lemmas.

### Lemma 4 {#FPar17}
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### Proof {#FPar18}
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### Lemma 5 {#FPar19}
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### Proof {#FPar20}
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Grand Canonical Processes at Finite Temperature {#Sec17}
===============================================

We now extend to finite temperature the determinantal processes analised in the previous section. We start from the 'easiest' case, namely the CUE process with correlation kernel $\documentclass[12pt]{minimal}
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Finite Temperature CUE {#Sec18}
----------------------

We propose a finite temperature CUE defined (in analogy to $\documentclass[12pt]{minimal}
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The finite temperature CUE ([6.1](#Equ88){ref-type=""})--([6.2](#Equ89){ref-type=""}) interpolates between *N* independent random variables on the circle and eigenvalues of matrices from the CUE ensemble. The next theorem is the analogue of ([1.14](#Equ14){ref-type=""})--([1.16](#Equ16){ref-type=""}) of the finite temperature GUE.

### Theorem 4 {#FPar21}
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Since the system is periodic, there are no edges (no analogue of the finite temperature Airy kernel). Note that the limit kernel in the bulk ([6.6](#Equ93){ref-type=""}) is the same as for the finite temperature GUE (universality). See Fig. [5](#Fig5){ref-type="fig"}.

### Proof {#FPar22}
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Fig. 5Two-point correlation function for free fermions in a box with periodic boundary conditions. Solid line: the finite temperature extension of sine-kernel (see Eq. ([6.6](#Equ93){ref-type=""})); Dotted-dashed line: two-point correlation function of the sine process. In red dots: rescaled two-point correlation at finite temperature computed numerically for $\documentclass[12pt]{minimal}
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Finite Temperature Processes for Generic Self-adjoint Extensions {#Sec19}
----------------------------------------------------------------

There is an obvious way to extend the above construction to the other classical groups. Consider a system of free fermions in a box with Dirichlet, Neumann and Zaremba b.c., and construct the determinantal processes defined by the grand canonical correlation kernels$$\documentclass[12pt]{minimal}
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It is natural to consider the finite temperature kernel associated to $\documentclass[12pt]{minimal}
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### Theorem 5 {#FPar23}

(Finite temperature free fermions with generic boundary conditions) Let $\documentclass[12pt]{minimal}
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### Proof {#FPar24}
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Canonical Measures, Matrix Models and Non-intersecting Paths {#Sec20}
============================================================

In this section we aim to obtain matrix models whose eigenvalue statistics correspond to the finite temperature processes with kernels $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{T,\mu }(H_U)$$\end{document}$, when *U* corresponds to periodic, Dirichlet, Neumann, and Zaremba boundary conditions (see Problem [3](#FPar3){ref-type="sec"}). We can legitimately dub those matrix models as 'finite temperature extensions' of the Haar measures on the classical compact groups. To define these new matrix ensembles we proceed by analogy to the MNS model (finite temperature extension of the GUE ensemble).

The MNS Model Revisited {#Sec21}
-----------------------

The key observation is that it is possible to write the MSN measure ([1.18](#Equ18){ref-type=""}) in the more insightful fashion$$\documentclass[12pt]{minimal}
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Group Heat Kernel and Non-intersecting Loops {#Sec22}
--------------------------------------------

It is tempting to generalise the MNS construction to the classical compact groups. Starting from unitary matrices, we consider the unitarily invariant ensemble of matrices in $\documentclass[12pt]{minimal}
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In analogy to the MNS model, we consider the quantum propagator $\documentclass[12pt]{minimal}
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Remarkably, the integration in ([7.3](#Equ122){ref-type=""}) can be done and the joint density of the eigenvalues of *U* turns out to be exactly the model of non-intersecting paths ([7.6](#Equ125){ref-type=""}). The diagonalisation of this matrix model is a technical matter and is postponed.

The next theorem states that the finite temperature CUE process, defined in the previous section, is the eigenvalue process of a matrix ensemble. This new matrix ensemble is nothing but the grand canonical version of ([7.3](#Equ122){ref-type=""}) where the number of size of the random matrix *n* is itself a random variable. The following result is therefore the solution of Problem [3](#FPar3){ref-type="sec"}; the proof is an application of \[[@CR28], Theorem 1.5 \] to the formula ([7.6](#Equ125){ref-type=""}).
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Much more could be said on the whole subject of the heat kernel on compact Lie groups. The reader will find a more substantial treatment in the large literature devoted to this subject \[[@CR6], [@CR9], [@CR34]\].

We now specialise the previous formulae to the classical compact groups.

### Theorem 7 {#FPar26}
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### Remark {#FPar27}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Formulae ([7.17](#Equ136){ref-type=""})--([7.24](#Equ143){ref-type=""}) are an application of the general result ([7.15](#Equ134){ref-type=""}) to the classical compact groups. Nevertheless, we could not find a reference that collects explicitly those formulae. For this reason we present a detailed proof.
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Generalising Theorem [6](#FPar25){ref-type="sec"} to the finite temperature extensions of the other classical compact groups (see Sect. [6.2](#Sec19){ref-type="sec"}) is straightforward, after the identification $\documentclass[12pt]{minimal}
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For periodic boundary conditions the point perturbation has strength zero.

Note that the discrete spectrum of $\documentclass[12pt]{minimal}
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Different self-adjoint extensions of the Laplacian correspond to generators of different Markov processes. The classical boundary conditions of Dirichlet, Neumann and Robin correspond respectively to a killed, reflected, and partially reflected Brownian motion at the boundary (see \[[@CR42]\]).

This is a special case of the Karlin and McGregor formula when the state space is a circle and the number of particles is odd, since the cyclic permutations of an odd number of objects are all even permutations. When the number of particles is even, a similar probability measure can be constructed but it is not given by ([7.6](#Equ125){ref-type=""}).
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